By means of a Liouville transformation, the torsional eigenfrequencies ,,ul of a spherically symmetric, non-rotating, elastic and isotropic (SNREI) Earth can be defined as the eigenvalues of a second order differential equation with no first derivative term. From this equation, an asymptotic formula for ,,ul for fixed I can be derived in terms of the radial travel time for shear waves as well as other structural parameters for the mantle. This formula has a number of geophysical applications which yield new constraints on the rigidity structure of the mantle. In particular, the asymptotic structure of torsional free oscillation data contains information about the size, sharpness and position of discontinuities in the upper mantle.
Introduction
It is well known (see, for example, Alterman, Jarosch & Pekeris 1959) that the eigenfrequencies ,,ol of the torsional modes .T, of an SNREI Earth are defined, for fixed wave number k = (Z++)/b, by the eigenvalue problem U = U(r), p = p(r), p = p(r), a < r < b, and the (zero stress) boundary conditions p($ -F) = 0 , r = a, r = b, where p denotes rigidity, p density, a the radius of the core and b the radius of the Earth. From (1) and (2), it is clear that the periods of the torsional free oscillations depend only on density and shear velocity in the mantle and the radius of the core. Since these are the parameters to which the periods of free oscillations are most sensitive, there exists a case for first constraining structure in an Earth model using torsional data before applying constraints based on spheroidal data. 
at s = 0 and s = y. In this way, we have reduced the determination of the torsional eigenfrequencies of a given SNREI Earth to the evaluation of the eigenfrequencies defined by 2 = 0,z = Z(s), 0 < s G y , r2 P where k, and k2 denote the values of
at s = 0 and s = y, respectively, and the dash denotes differentiation with respect to s.
Note that y, by its definition, corresponds to the radial travel time of shear waves between the Earth's surface and the core-mantle boundary.
Using this formulation, we can now establish some basic results about the asymptotic behaviour of the torsional eigenfrequencies of an SNREI Earth. There are two cases:
(i) The asymptotic overtone structure, which occurs for fixed wave number k and sufficiently large overtone number n. It contains information about shear waves reflected at the core-mantle boundary.
(ii) The asymptotic order structure, which occurs for fixed overtone number n and sufficiently large wave number k . It contains information about the structure of surface waves.
It is the former which we shall examine in this paper. However, before doing this, we verify that ,,T, data do support asymptotic structure of both these types. One way to test this is to difference the data; i.e. we examine P(n) = 221/,,a,-2n/,-,a1 Y(1) = ,,O*-,,Ol-l for (i), and for (ii). We verify (i) by examining the torsional free oscillations ,,T, computed for the HB1 model of Haddon & Bullen (1969) , and (ii) by examining the ,,T,
(1 = 2, 3,4, ..., 46) data of Dziewonski & Gilbert (1972) . That asymptotes appear to exists for large n and 1 can be seen from A general impression of the behaviour of ,,q, for fixed 1 and large n, for a series of Earth models, namely HB1, WANG, UTD124A'(1), and JORDAN B1 (see Haddon & Bullen 1969; Wang 1972; Gilbert 1972, and Jordan & , can be gained from Table 1 , where the ,,T, periods for I = 2,4 and 18 for n = 1,2, ..., 50 are listed for each of these models. For each n > 20, the ,,T, periods with 1 = 2, 4 and 18 usually differ by only a second or so for each model, and thus the gross asymptotic behaviour of ,,T, (for 1 < 20 and n > 20) is similar for each model. + ~' ( 7 ) = 0.
In fact, we can prove the following two theorems:
Theorem 1 frequencies of (7) and (8) satisfy
Assuming the ql(s) are continuously diflerentiable on [0, y] , the asymptotic eigen-
forfixed 1 and suitably large n, where with R. S. Anderssen and J. R. Cleary
Since the validity of Theorem 1 follows from the general asymptotic formulas derived by Fix (1967) (see, in particular, Corollary 4) , an explicit proof is not given. Different asymptotic expansions for the eigenvalues of the general Sturm-Liouville problem, of which (7) and (8) are a special case when considering overtone structure, have been derived by a number of authors. The most recent and comprehensive studies can be found in Fix (1967) and Natterer (1969) . Apart from some work by Rayleigh (1873), Andrianova et al. (1965 ), Gerver & Kashdan (1968 , and more recently by Lapwood (1974) , little appears to have been published on the asymptotic behaviour of the eigenvalues for the case where ql(s) is piecewise continuous with jump discontinuities. In the Appendix, we sketch how this result can be obtained from first principles, in order to show how (7), (8), (10) and (11) are related in this case.
The important feature of (12) is that the coefficients of n2, no and n-' (as well as the others not shown) define constraints on the rigidity structure of the mantle and the core radius, since it is only parameters related to these two factors which define these coefficients. We shall utilize this in the next section, where we examine geophysical applications of (12).
Finally, we note that the asymptotic properties of ,,Al of (10) and (1 I) depend only on the values of kl, k2 and y.
Theorem 2.
The eigenfrequencies ,,,Il of (10) and (1 1) are dejned by the transcendental equation
(1 3)
Proof.
Assuming that the general solution of (10) takes the form u(s) = A sin "Al s+ B cos "Al s, A, B = const., the result follows using the standard argument based on the substitution of this general solution in the boundary conditions (1 1).
Geophysical applications
We now examine the various ways in which the results of Theorems 1 and 2 can be used in the study of the torsional eigenperiods of the Earth and the constraints they impose on structure in the upper mantle. Lack of suitable data greatly limits the extent to which these applications can be used at present to make inferences about the composition of the mantle. Nevertheless, we are able to establish a number of new conclusions by using the limited data provided by Brune (1964) and Brune & Gilbert (1974) from an analysis of phase spectra of multiply-reflected ScS waves, and by appealing to certain theoretical results. These conclusions are:
(a) The requirement that Earth models fit an asymptotic torsional overtone structure imposes a quite delicate constraint on models.
(b) Assuming that the Brune and Gilbert data are representative of averaged Earth structure, then the majority of models proposed to-date do not adequately fit the available torsional overtone data 
~( x )
= 9-1 fi-'(r)cfr = o X to determine the core radius a.
In fact, models for the Earth must fit 9 closely, for a discrepancy between 9 and the radial travel time of shear velocity waves between the core-mantle boundary and the surface of a given model would imply that either or both a or fi in the model were incorrect.
In Table 2 , we list the values obtained for 9 for the models HBl, WANG, UTDl24A' and JORDAN B1 using the asymptotic formula which follows from (12) on the assumption that n is such that the leading term in the asymptotic expansion for .cl2 dominates the other non-constant terms. In addition, we give in there exists an no such that l,,T,l-nK21 c E for n =-no.
This indicates that the predicted asymptotic overtone structure of 6 is consistent with respect to i for each model. Further verification of this point is contained in Table 2 , since, for a given model, the values of nyI as a function of n have the same behaviour for each 1 shown.
From Table 3 , we see that the means of the various ,,yI sequences are quite consistent and compare favourably with the actual value of y. However, the variation of the ,,yI values about their means is small for the ,,T, values for HB1 and WANG and large for UTD124A (1) and JORDAN B1. Thus, the HB1 and WANG models must be such that the contribution due to the n-' and smaller terms in (12) is much less than that in the UTDl24A' (1) and JORDAN B1 models, or that a different asymptotic formula applies in the case of the latter two models (see below). This represents a basic geophysical discrepancy between these two classes of models. The former imply that the contribution due to small terms in (12) is small, while the latter imply the opposite.
Since only one of these two possibilities can hold for the real Earth, an explanation for the discrepancy was sought. As the only global feature which appears to distinguish between the two classes is the size and sharpness of the 400-and 650-km discontinuities of the latter, a hypothesis that this is the reason for the discrepancy was tested. In Table 4 , the variances for the ,,yl sequences for the JORDAN B1 model are compared with these for a series of variations of JORDAN B1 with the 400-and 650-km discontinuities smoothed. The different smoothings used are shown in Fig. 3 . It is clear from this Table that a major contribution to the variance in the ,,yl sequences for the JORDAN Bl model comes from the sharpness and size of the 650-km discontinuity. The contribution from the 400-km discontinuity appears to be minor, but not insignificant. As well as thereby confirming the validity of the hypothesis, these results yield the stronger conclusion that too large a discontinuity at the 650-km level, and to a lesser extent at the 400-krn leoel, will introduce spurious second order effects in the asymptotic structure of the II A jump discontinuity is not a satisfactory representation of a sharp discontinuity, if it introduces effects which should not be there. On the basis of a discussion about this question, Lapwood (1975, to be published) showed that the asymptotic periods of a vibrating string are greatly affected if a sharp density discontinuity is introduced. His results will appear in this Journal. The effect of discontinuities in density and shear velocity on the validity of the asymptotic formula of Theorem 1 is examined in the Appendix. It is shown that additional terms must be introduced into the right-hand side of (12), and that the assumption that the leading term in (12) still dominates for large n can fail.
Note. We note initially that the HBl and WANG models have not been determined by a Backus-Gilbert type refinement procedure, whereas UTDl24A' and JORDAN B1 have. It could therefore be argued that, because the models of the latter class consist of a sequence of local averages determined by a Backus-Gilbert type procedure, it is incorrect to treat them as global models in the sense implied by asymptotic modelling. For example, the. size of the 400-and 650-km discontinuities in such models would be an artifact of the choice of the size and position of the resolving lengths used rather than geophysically valid models of the discontinuity. Though the present authors agree in principle with the rationale that a Backus-Gilbert type model periods.
tends to resolve local averages rather than provide a representative global model and should be interpreted accordingly, some proponents of Backus-Gilbert type procedures do not adhere to this rationale when drawing geophysical inferences from such models. They miss the point that there is no guarantee that a (Backus-Gilbert type) model can be used to compute correctly global properties of the Earth which it has not been constrained to fit.
From the point of view of the subsequent discussion, we have to make a choice between one class or the other. Since appropriate ,,T, data on which the choice could be made is not available, we invoke, on the basis of the results of Table 4 , the above rationale and rule out models of Backus-Gilbert type. In doing this, we do not rule out the possibility that second order effects will be observable in the higher overtone ,,T, data for the Earth, if and when these become available. Our argument is that, if observable, the second order effects will be somewhat smaller than those observed in JORDAN Bl and UTD124A', since the 400-and 650-km discontinuities, although they may be locally sharp (see Richards 1972) , will have smoother representations in an averaged Earth than the representations of JORDAN B1 and UTD124A' (see Dziewonski & Gilbert (1973a) , Appendix 1, second paragraph). The natural averaging of Earth structure which must be associated with globally observed data, such as ,,T, periods, implies that the second order effects will be small rather than large, if they have not in fact been averaged out.
In addition, the above discussion shows that, if observable, second order effects will contain information about the shape of the 400-and 650-km discontinuities. We return to this point below.
Application 2: The estimation, for m a l l values of I , of the overtone no at which the asymptotic overtone effect commences
Restricting attention to the data for the HB1 and WANG models, we estimate, for 1 < 18, the overtone no at which the asymptotic overtone effects appears to commence.
Using as our criterion the value no at which and beyond which the values of ,,y2, ,,y4 and ,,yI8, ! z 2 no, differ from each other for each n by less than 1 per cent (allowing for the occasional minor exception), we obtain no = 6 or 7 and no = 10 or 11 for the HB1 and WANG models respectively. In this case, however, some ,,T, data, namely those of Brune & Gilbert (1974) , are available which can be used to test these two different estimates. Nevertheless, these data are insufficient to yield a precise estimate of no.
We can only treat no as a constant over a small range of 1 values, since for fixed 1, the overtone number n, at which the sequences ,,y, and (n = 1, 2, 3, ...) match, will increase as 1 increases. This is why we limit the present determination of no to a comparison of the sequences ,,y2, ,,y4 and ,,yI8 (n = 1,2, ..., 50). & Gilbert (1974) values of the periods ,,z, of .T, modes which are available for different n and fixed I, namely ,,rl and ,,+,,,z,, we estimate y from Note.
Using the Brune
as in Anderssen, Cleary & Osborne (1974) . The values of ,,y/") available from the Brune & Gilbert data are shown in column 1 of Table 5 along with the range of these values, since it is a measure of the scatter about their mean. The corresponding values for the ,,T, data of HB1, WANG, UTD124A' and JORDAN B1 are shown in the next four columns. Since the ,,y, ('") values in column 1 show very little scatter about their mean, we infer immediately that no -= 10. Hence, HB1 is a more acceptable model than WANG so far as fitting the asymptotic structure in available T, data is concerned. This is also clear from colums 2 and 3 of Table 5 . The ,,y/"') values of HBl exhibit Gilbert (1974) ,,T, periods are strongly biased towards a model with no discontinuities as a result of the fact that no reflections from any possible discontinuities were taken into account in the phase correlation. This no doubt accounts for the small scatter observed in the ,,y,@"" values derived from these regional data. Our estimate of no may therefore have to be revised when better data become available. However, this does not affect our overall argument, which points to the disparity in the asymptotic structures predicted by recently proposed models, and indicates the potential constraining power of such structure on mantle density and shear velocity.
An explanation for the qualitative difference between HB1 and WANG was sought. In the first four columns of Table 6 , we list the values of n~/ m ) obtained for different smoothed versions of WANG. The various smoothings are illustrated in Fig. 4 . The results of Table 6 show that the smoothing of the 650-km discontinuity had little effect on the scatter, while smoothing of the low shear velocity zone between 120 and 200 km had a considerable effect.
This appears to suggest that, although regionally there may be a sharp low shear velocity zone of the type shown in the WANG model, any averaged Earth model consistent with the Brune and Gilbert data would contain a shallower and smoother low velocity zone. This would also appear to be an explanation for the large scatter in the UTD124A' values compared with those for JORDAN B1.
Because of the importance of such a conclusion, additional confirmation for it was sought. In the second column of Table 7 , we give the values of ny/m) obtained for a model which coincided with HBl except that it contained a low shear velocity zone like that in the WANG model. They confirm the above conclusion, since they show that the negligible scatter in the corresponding ,,y/") values for HBl can be made large through the introduction of a low velocity layer. However, it is not valid to conclude from this that only discontinuities in the region of the low velocity zone affect the values of of Tables 5 and 6 . For example, with a smoothed low velocity zone, the WANG model does not yield vaIues with as small a scatter as the HB1 values, unless the 650-km discontinuity is simultaneously smoothed. Thus, the above suggestion leads to the conclusion that both the low velocity zone and the 650-km discontinuity must be smoothed, if a small scatter in the This, however, does not rule out the possibility that a model with a sharp low velocity zone and 650-km discontinuity can yield the required values with small scatter, if the perturbations of the ,,T, values due to the low velocity zone tend to cancel out the perturbations due to the 650-km discontinuity. If such cancellation did exist, it would imply that the asymptotic structure in torsional overtone data impose a very delicate constraint on structure in the mantle. We showed that such a possibility can occur by examining a perturbed HBl model with the WANG low velocity zone and with a 650-km discontinuity at various positions in the depth range 625-700 km (see Fig. 5) . As a severe test, we smoothed the discontinuity only to the extent allowed by Richards (1972) . These results are listed in the last three columns of Table 7 . We see that the scatter for the perturbed HB1 model, with a WANG low velocity layer and a moderately sharp discontinuity at 690 km, is less than that of HB1.
Caveat.
values of Tables 5 and 6 is required. It should be noted that the small scatter in the ,,y{") values in column 1 of Table 5 does not rule out the existence of second order effects in the ,,T, data for the Earth for values of n higher than 20. This is clear from the results of Tables 4 and 5. They show that the asymptotic structure in the two groups of ,,T, values analysed for different models, namely n = 8-17, n = 20-50, appears to depend to a certain extent on structure at different locations within the Earth. In particular, the shape of the low velocity layer exerts some control over the former, while the size and sharpness of the 650-km discontinuity, and to a lesser extent that of the 400-km discontinuity, exerts some control over the latter.
From the values ,,y/") in column 1 of Table 5 , it would appear that tio < 9, if we assume that the scatter in the last three values is due solely to observational error.
The slightly lower value of 8yld4), compared with the others, suggests that n is not less than 9, but more data are necessary before this point can be resolved. However, using the recent ,,T data of Dziewonski & Gilbert (1973b), we can determine a lower estimate for n. In Table 8, we give Table 5 , that no > 6. Hence, from available ,,T, data, we can conclude that 6 < no < 9. We emphasize again that the upper limit is based on smoothed regional data.
Note. Anderssen et nl. (1974) have used the values in column 1 of Table 5 to derive an estimate of y. Under the assumption that the scatter in the last three entries of that column is due to observational error alone, and therefore is not a result of unnecessary smoothing, they estimate y as their mean and obtain global value, even though Brune & Gilbert (1974) find no incompatibility between their data and the available free oscillation data. Before passing to the next application, we note from Fig. 6 that the rigidities p of the models HBI, WANG, UTDl24A and JORDAN B1 reflect the types of similarities and dissimilarities in models discussed above. In particular, the rigidities of HB1 and JORDAN B1 exhibit similar qualitative structure in the region of the low velocity layer (namely, in the depth range 100-300 km), but differ noticeably from those of WANG and UTD124A. Furthermore, the rigidities of HBl and WANG are somewhat smoother than those of UTD124A' and JORDAN B1 in the region of the 650-km discontinuity, whilst UTD124A' is the least smooth model. It is interesting from a non-uniqueness point of view to note that, though HB1 and WANG are smoother in the region of the 650-km discontinuity, they differ radically in structure. Application 3. In Table 9 , we list the values of ,,y/'") which can be derived from the Brune & Gilbert (1974) data not used in Table 5 , along with the corresponding values for the models HBI, WANG, UTD124A' and JORDAN B1. They show that, as a function of I for sufficiently large 1, the value of ,,yl decreases for fixed n and increasing 1. This is a direct consequence of the fact that the modes corresponding to the higher wave number waves do not penetrate to the core-mantle boundary.
If sufficient "T, data were available, this could be used to estimate the first and second derivatives of p within the mantle with respect to some preferred model of j?. The procedure would be:
(i) Choose a preferred model j?, for from which the first and second derivatives of /? can be estimated, along with a preferred model pp for p.
(ii) For fixed 1 and no 2 n > n o + M , where M > 30, fit the equation (12) (or a more complicated version of it, if second order effects are observable) to the corresponding .T, data. This provides estimates for Q1, Q2 and y as functions of I, namely, Q1(I), Q2(l) and y(l) (see Theorem 1).
(iii) With respect to the preferred model for j?, estimate from y(2) the depth a, to which the waves with order number I penetrate; namely, 
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(iv) With respect to the preferred values of j?, dj?/dr, dZ j?/dr2 and p at the depth a,, estimate the first and second derivatives of density at this depth from the corresponding estimates for Q1(Z) and Q2(l), using the definitions of Ql(l) and Q2(l) in terms of these parameters given in Theorem 1. Because appropriate data are not available, we do not pursue this application further at this stage.
The expressions involved will be complex and tedious to evaluate. We note in passing that the fitting of the mode (12) poses a sensitive numerical problem, since the least squares matrix for polynomial mode is of Hilbert type. Therefore, care should be exercised when using this model, and no more terms should be fitted than are absolutely necessary.
Application 4: The determination of the degree to which torsional eigenperiod observations constrain structure within the mantle Once an estimate for no is available, its follows that the information contained in ,,T, data, which constrains structure within the mantle, will be limited to the value of O T I , I T , , ZT, ... 9 .,TI, 6 < no < 9912 1, and the nature of the asymptotic structure in the ,,? data for n > no. The information in the latter will depend heavily on the observability or otherwise of second order effects. If there are no observable second order effects, then the additional constraints which the ,,T, data impose on the structure in the mantle will be: (i) the onset of the asymptotic effect at n = no;
(ii) the lack of second order effects in the asymptotic structure; and (iii) the coefficients in the model (12) which fit the asymptotic structure.
On the other hand, if second order effects are observable, then the additional constraints which the ,,T, data impose on the structure in the mantle will be: (i) the onset of the asymptotic effect at n = no, if observable;
(ii) the nature of the second order effects in the asymptotic structure; and (iii) the coefficients in the equation which fit the second order effects.
It should be noted that when fitting models to the ,,T, data, the fitting should be done with respect to the information content of these data of the above type and not just the ,,TI values. The reason for this is clear from the above. Constraining models to fit the T, data, without paying attention to the information contained therein, will not ensure that models fit even qualitatively some of the important characteristics of the ,,T, data.
Application 5.
As is clear from the paper of Dziewonski & Gilbert (1972) on the determination of free modes of oscillation of the Earth from earthquake data using spectrum analysis procedures, one of the chief problems is the correct identification of modes. The use of explicit asymptotic formulas, when available, should help with the identification of ,,T, modes. However, it is also clear from the above discussion that the use of the wrong model as a standard could lead to incorrect identification of some modes. For example, the use of a model which contains spurious second order effects could lead to incorrect identification for high overtone modes. Identification problems have been discussed by Dziewonski & Gilbert (1973a) and Derr (1969a) .
The identification of torsional eigenfrequencies
Application 6.
There are two independent ways in which the present results can be used to derive fast methods for the computation of ,,TI periods for given Earth models. When no < n, the fact that (1) and (2) can be replaced by (7) and (8) can be used to compute "T, periods by a method proposed by Hersch (1964) and applied by Osborne & Michaelson (1964) and Osborne (1974) . When n > no, the given Earth models can be used to compute the required coefficients in (12). The required ,,T, periods for n > no
The fast computation of torsional eigenperiods can then be calculated directly from (12). It is clear from the above discussion that the form of the Earth models must be suitably smooth so that (12) is applicable. Since, in addition, derivatives of density and shear velocity are required for the determination of the coefficients in (12), the use of spline representations for the models suggests itself. Their use would also eliminate difficulties associated with the use of non-smooth models for the representation of Earth structure (cf. discussion in the Appendix).
Conclusion
The aim of data inversion should be not only to determine a model or models which satisfy given data, but also to estimate the extent to which different data sets constrain possible models. If successful, the latter yields information about which data should be supplemented if better constraints on possible solutions are to be obtained. By examining the nature of the asymptotic structure in torsional overtone data, we have directed our attention to this problem. Although the usefulness of this approach is restricted at present by the lack of suitable data, the results do indicate the potential importance of high torsional overtones from the point of view of improving the constraints on structure in the mantle. In particular, it is shown that the high torsional overtones will contain information about what level of smoothing should be imposed on models when account is being taken of the fact that free oscillation data is Earth-averaged data.
The only method presently available for augmenting data of this type is that of Brune (1964) , and further determinations of torsional oscillation periods by this technique would provide more information about the behaviour of asymptotic structure and the regional variations in the value of y.
Constraints are imposed by the asymptotic overtone structure in torsional free oscillation data on the following parameters:
1. The degree of smoothing that available averaged Earth data represents and hence the degree of smoothing which must be imposed on models. Such information appears to be contained in the global structure of the high torsional overtones. That this is an important problem which remains to be resolved in gross Earth modelling can be seen from a comparison of UTD124A' with the recent model B497 of Gilbert et al. (1973) , and the comment on Earth averaging in the second paragraph of Appendix 1 in Dziewonski & Gilbert (1973a) .
2. The size, sharpness and position of discontinuities in the mantle. Given the level of smoothing which is appropriate for torsional free oscillation data, it is clear from the above that these features of discontinuities in the mantle have to be carefully balanced, if the second order effects produced by each of them are to cancel out in such a way as to yield specific local structure in the lower torsional overtone values.
3. The value of the core radius or the shear velocity structure of the core-mantle boundary. Given an accurate estimate 9 of y from torsional free oscillation data, it can be used to constrain structure at the core-mantle boundary in one of two ways.
Either the structure of fi at the core-mantle boundary is assumed, and the core radius a is determined as the unique zero of the non-linear equation b G(x) = 9-1 fi-'(i-)dr = 0, X or core radius is fixed and the value of y is used to constrain fi there. This result differs from the suggestion of Derr (1969a) that the core radius be constrained using the spheroidal modes ,S, to $6. The basis for his proposal is the observation that changes in core radius appear to affcct ,S, to $6 significantly. It is therefore an ad hoc conclusion based on experience, and does not invalidate the above conclusion that y should be used first to constrain core radius and p in Earth modelling. However, Derr's result does imply that, once core radius and p have been constrained by the torsional overtone data, the appropriateness or otherwise of Earth models based on these values should first be tested against the $6 to 0 s 6 data because of their sensitivity.
4. The first and second derivatives of density at various depths within the mantle. This was discussed in Application 3, but the lack of suitable data prevents its implementation at this stage.
MacDonald & Ness (1961) pointed out the advantage of using torsional modes from the point of view of their mathematical simplicity and their dependence only on shear motion down to the core-mantle boundary. They thereby anticipated the approach of first constraining models with the torsional overtone data before applying the spheroidal. However, attention has concentrated on fitting the spheroidal data rather than the toroidal, because the latter are usually excited to a lesser extent than the former and therefore are not known as accurately. The approach has tended to be along the lines proposed by Derr (1969b) and others, that since certain free oscillations of the Earth are more sensitive to one group of parameters in an Earth model rather than another, free oscillations should be used to constrain the group of parameters to which they are most sensitive.
The present work indicates that, mathematically, the rigidity structure of the mantle and the core radius are intrinsically related to structure in the torsional mode observations, and therefore that the parameters in an Earth model which define such structure should be constrained by the torsional free oscillation data. In addition, since torsional free oscillations for a model are simpler and faster to compute than spheroidals, and since rigidity of the mantle and core radius are the parameters in an Earth model to which the free oscillation periods are most sensitive, we argue that the approach of first constraining models with the torsional overtone data is the correct one. The only valid argument against this approach could be that, since torsional modes are not known as accurately as spheroidals, they do not constrain as efficiently as spheroidals and therefore the spheroidals should be fitted first. However, this argument only remains valid so long as such a difference in accuracy exists, and therefore should be used as the motivation for obtaining better torsional overtone data rather than implementing a non-optimal modelling strategy.
With respect to recently proposed Earth models which we have examined in some detail above, we can conclude: (i) On the basis of the above analysis, the WANG, UTD124A' and JORDAN B1 are unsatisfactory models.
(ii) Though HB 1 is qualitatively satisfactory, it is unacceptable on independent grounds. Worthington, Cieary & Anderssen (1972) argue that it is unacceptable since its upper mantle shear velocity profile does not conform to the results of surface wave group velocity observations. In addition, it has not been constrained to fit the most recent free oscillation data.
The only model we have not examined in detail is B497. However, compared with UTDl24A', which was used as the starting model in its generation by a BackusGilbert inversion, it is extremely smooth. In fact, they differ sufficiently that there is a strong possibility that they should be treated as G-far (namely, globally distinct) with respect to each other. This tends to indicate that the Backus-Gilbert procedure failed to yield a solution which is G-near (namely, globally similar) to UTDl24A' (see Backus & Gilbert , 1970 , which is the basic requirement for the valid use of this procedure. As evidence for the conclusion that UTDl24A' and B497 are globally distinct, we note that since the above results show that snznll changes in Tables 4, 5 , 6 and 7 and the relevant discussion in the text) can produce quite large changes in the values of ,,y/"), it follows that, with respect to such data, models are globally distinct even though they do not differ from each other in some gross global manner (cf. 
On the other hand, we obtain from (A3) and (Al) that ('45) (A61 It follows from (Al) that Z is continuous at p , if Though this condition may not be geophysically realistic except in special circumstances, we assume that it holds as it is necessary to guarantee the continuity of 2 for the present argument. A much more involved one is required in the case when 2 is not continuous and is beyond the scope of the present appendix. Assuming that p p is continuously differentiable at s = p , the consistency condition (A4) becomes
(A71 which is equivalent to the requirement that dZ/dx be continuous at s = p . It follows from (A5) that this is automatically satisfied if p p is continuously differentiable at s = p.
Anderson & Julian (1969) have inferred a decrease in p just before an increase in p at the 650-km discontinuity and have attributed it to an instability in lattice structure in the region of a phase transformation. Such behaviour is consistent with the condition (Ab).
The general conclusion would appear to be that, except under special circumstances, Z * and T * are discontinuous. Now, let ,,At2 and ,plZ denote, respectively, the eigenvalues of (lo), (11) and (7), (8), respectively, under the assumptions that:
(i) q,(s) has a jump discontinuity at r = u; and (ii) Z and pdZ/ds have jump discontinuities at the same point. Without loss of generality, let u(s) and Z(s) denote the normalized eigenfunctions which correspond to ,,y12 and ,,o12, respectively. Before deriving our main result about , , ( , we require a number of Lemmas:
Note.
Lemma A1 . Proof. Assume that the general solution has the form cos (,,A, s+O). For arbitrary large ,yr, the first boundary condition of (1 1) implies that tan 0 = k,/,y,, and hence that 0 = k , ,,A1-* +O(,lL1-3). The second boundary conditions in (1 1) implies that tan (,,A,y+O) = k2/,,A,, and hence ,,A,y+6 = 171+k2 nAI-1+O(,,AI-3).
The result now follows after algebraic manipulations.
Lemma A3. If Z is a normalized solution of (7), (8) on the intercal0 < s < y, and pp is continuously diflerentiubie at s = p , then there exists a solution u(s) of (lo), (11) such that Z(s) = u(s)+O(,o*-1).
Proof. If p p is continuously differentiable at s = p , then the solution 2 of (7), The required result follows on observing that (2/y)* cos (,cr12 s+O) is the solution of (lo), (1 1) with ,,I., = ,o,.
We are now in a position to prove the main result: We note that the result of Corollary A1 agrees with that of Theorem A. 
